Abstract. We give an example that the volume of an R-divisor on a family of complex smooth surfaces jumps at infinite many prime divisors in the base. Our example follows the construction in [1].
We work over the complex number C. The volume of a line bundle L on an irreducible projective variety X of dimension n is defined to be the nonnegative real number vol(L) = vol X (L) = lim sup m→∞ h 0 (X, L ⊗m ) m n /n! For a Cartier divisor D, the volume vol(D) is just the volume of the corresponding line bundle O X (D). It is clear that vol(L) > 0 if and only if L is big. We use N 1 (X) to denote the group of R-divisors on X modulo numerical equivalence, the volume function can be uniquely extended as a continuous function on N 1 (X). More details could be found in [2] .
Recall that by semicontinuity theorem, the volume of an R-divisor on a family of varieties has to be constant over very general fibers. However, in most examples, the locus of volume's jump is Zariski closed. We will show that there exists an R-divisor on a family of smooth surfaces obtained by blow-up of P 2 , with volume jumping at a Zariski dense subset. The idea of construction comes from [1] .
Our main result is the following theorem:
10 \∆, where ∆ is the locus where two points coincide and W is the subvariety of Σ with the property that all these ten points lie on an elliptic curve. Suppose X −→ W is the family over W whose fiber over p (written as X p ) is the blow-up of P 2 at the corresponding ten points. There exists an Rdivisor C on X such that C p is not big on X p for very general p, but there are countably many prime divisors W n ⊂ W such that C p is big for general p ∈ W n . By Theorem 1, the volume of C p is zero for very general p, but the volume is positive for those general p in W n . Hence it could serve as the example we want.
Since we only work on smooth surfaces, N 1 (X) is isomorphic to N 1 (X) which denotes the group of curves of coefficients in R modulo numerical equivalence. We use the same notation to present their elements. We review the construction in [1] in the next section and then finish the proof of Theorem 1.
Lesieutre's construction
We first recall John Lesieutre's construction([1] section 3) of a family of Rdivisors which is nef for very general fiber, but fails to be nef over countably many
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prime divisors in the base. Consider the family over Σ whose fiber over p ∈ Σ is the blow-up of P 2 at the corresponding ten points. Then for any fiber X = X p , there are decompositions
H is the pullback of the hyperplane class on P 2 , and E i are the exceptional divisors. John Lesieutre's idea is that he considers the birational map ρ from Σ to itself, given by (p 1 , · · · , p 10 ) −→ (p 8 , p 9 , p 10 , Cr(p 1 ), · · · , Cr(p 7 )), where Cr is the Cremona transformation centered at p 8 , p 9 , p 10 . Note that for general p ∈ Σ, ρ induces isomorphism between X p and X ρ(p) , and also isomorphism from N 1 (X p ) to N 1 (X ρ(p) ). Under the basis H, E 1 , · · · , E 10 , it could be written as:
is the transform matrix of Cremona transformation and B is the permutation matrix for (1)(9, 10, 11, 2, 3, 4, 5, 6, 7, 8).
It can be checked that T has a unique eigenvalue λ of magnitude greater than 1. When its corresponding eigenvector C λ is written as H − 10 i=1 r i E i , we have r 1 + r 2 + r 3 > 1.
[1] Lemma 3.1 shows that for very general p ∈ Σ, C λ,p is nef on X p . Moreover, if we define V 0 ⊂ Σ to be the set of p for which first three points are colinear, then since the inequality r 1 + r 2 + r 3 > 1, C λ is not nef on V 0 . Now, we define V n+1 as the strict transform of V n under ρ. The discussion above shows that over V n , C λ can not be nef. Since that V m and V n are distinct ([1] Lemma 3.3) if m = n, C λ is not nef on countably prime divisors in Σ.
We list two important facts which we will use later.
Proof. Since ρ induces isomorphism between X p and X ρ(p) , thus also N 1 (X p ) and N 1 (X ρ(p) ), and the intersection form on them. That is to say:
Our first conclusion comes from the observation that λ > 1. Define inductively W n+1 as the strict transform of W n under ρ| W . We want to show that C λ,p has zero volume for very general point p ∈ W , while for general p ∈ W n , the volume is non-trivial. But before that, we need to prove that W n is well-defined.
Lemma 4. Each W n is a well-defined prime divisor in W , and W m and W n is distinct if n = m.
Proof.
Define inductively p n+1 as ρ(p n ). Denote the strict transform of l in X p0 asl, and also its class. It is clear that X pn has a rational curve in the class T n (l), and now we argue that this is the unique rational curve of self-intersection less than or equal to −2 on X pn .
It suffices to prove the case n = 0 since ρ gives an isomorphism between X pn+1 and X ρ(pn) . Suppose that C ∼ dH − Σ 10 i=1 m i E i is a rational curve on X p0 with C 2 ≤ −2. Then by adjunction formula,
The condition on the points imply immediately that C has to bel.
Caculating explicitly the eigenvalue of T , we find that there is no eigenvalue other than 1 which is a root of unity. And it is easy to seel is not the eigenvector of T . Therefore the class T n (l) and T m (l) (view as an vector in R 11 ) are distinct, if n = m. Since X pn has a unique rational curve with self-intersection less than −2, which lies in the class T n (l), p n cannot belong to W m , m = n, and also L.
By the same method as [1] Lemma 3.4., it can be shown that C λ,p is nef for very general p ∈ W . Thus for these p, vol Xp (C λ,p ) = C λ,p · C λ,p = 0, thanks to the Fact 2 above.
The following lemma tells us that it suffices to prove vol Xp (C λ,p ) is not zero for general p ∈ W 0 .
, for any p ∈ Σ whose last three points are not colinear.
Proof. ρ induces isomorphism between X p and X ρ(p) , hence
We use ℓ to denote the divisor H−E 1 −E 2 −E 3 , then it is effective on X p , p ∈ W 0 .
Lemma 6. C λ,p − βℓ is nef for general p ∈ W 0 , where β =
Proof.
For any curve class
If C is just the strict transform of the elliptic curve containing these ten points,
Thus we can assume that C is an irreducible curve different from this curve. In this case, K Xp ·C 0, because −K Xp is just the curve class. Since C ·K Xp + C ·C −2 due to adjunction formula, we get C · C −2, i.e.
Also, we know that
2 by calculating L 2 directly. Then using Cauchy-Swharz inequality:
When d > 6, the right side is less than d 2 . We only need to check (2.1) for those curve class with d = 1, 2, 3, 4, 5, 6.
L is approximately:
When d = 1, C corresponds to a line on P 2 . For general p = (p 1 , · · · , p 10 ) ∈ W 0 , we may assume no three points of p 1 , · · · , p 10 are colinear other than p 1 , p 2 , p 3 , and p i p j is not tangent to the ellptic curve passing through these points. So C =l or C = H − E i − E j . In the second case, (2.1) becomes 1 ≥ t i + t j , and this can be checked using the numerical data above. In the first case, L ·l = 0 by our construction of L.
When d = 2, the argument is quite similar. For general p ∈ W 0 , we may assume no six points of p 1 , · · · , p 10 lie on a quadratic curve, and if every quadratic curve passing through five of these points intersects the ellptic curve transversely. Then C can be written as H − Σ 5 k=1 E i k , and (2.1) can be easily verified in this case. When 3 ≤ d ≤ 6, we consider the restrictions on C:
Rewrite these inequalities in term of a i , we get:
It is easy to see there are only finitely many possibilities for the choice of a i , so we can check (2.1) for all the a i satisfying (2.3). Since t 4 > t 5 > t 1 > t 2 > t 6 > t 3 > t 7 > t 8 > t 9 > t 10 (see the approximate value of L), we may assume a 4 ≥ a 5 ≥ a 1 ≥ a 2 ≥ a 6 ≥ a 3 ≥ a 7 ≥ a 8 ≥ a 9 ≥ a 10 . Also we only need to consider the extreme case, which means if we substitute a 10 by a 10 + 1 while keeping other a i invariant, then (2.3) cannot hold. Under these conditions, all possibilities are listed below and we could see that (2.1) hold in each case. Corollary 6.1. L is big, and so is C λ,p , for general p ∈ W 0 .
Proof. L 2 > 0, thus it is big since it is nef on general fibers. C λ,p is the sum of a big divisor and an effective divisor, so it must be big.
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